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Quantum Phase Slips (QPS)

nΦ0 = Φ− LgIs − LkIs

LkIs =
Φ0

2π
γ

γ = 2π(f − n)

E =
Φ2

0

2Lk
(f − n)2

J. Mooij and C. Harmans, New J. Phys. 7, 219 (2005)



Duality

Ĥ = EC q̂
2 − EJ cos ϕ̂+ Ĥenv + Ĥc

Ĥc =

{ Φ0

2π
(I − Îr)ϕ̂

−2e(V − V̂r)q̂

Îr(ω) =
~
2e

(−iω)Y (ω)ϕ̂(ω)

V̂r(ω) = 2e(−iω)Z(ω)q̂(ω)

Ĥ = EL

(2π)2
ϕ̂2 − ES cos 2πq̂ + Ĥenv + Ĥc

J. Mooij and Y. Nazarov, Nat. Phys. 2, 169 (2006)
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Model

Sc[φ] = −
1

2

∑
p

Tr ln

(
1 +

Tp

4
({Ĝ1, Ĝ2} − 2)

)

Ĝj(τ, τ
′) = eiφj(τ)τ̂3/2 Ĝ0(τ − τ ′) e−iφj(τ)τ̂3/2

Sw[φ] = (8π2GQ)−1

∫ ∞
0

dω ω Y (ω) |φ(ω)|2

Y (ω) = [L′(ω)/C′]−1/2[tanh(ωL1/vp)+tanh(ωL2/vp)]−1−(LL′kω)−1

U. Eckern, G. Schön, and V. Ambegaokar, Phys. Rev. B 30, 6419 (1984)
A. Legget, Phys. Rev. B 30, 1208 (1984)
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Tunneling and instanton gas

G(−a, a, τ ) =∫
Dq exp

[
−1

~
∫ τ
0

(
m
2
q̇2 + V (q)

)]
−mq̈ + V ′(q) = 0

Sin =
∫ a
−a dq

√
2mV (q)

ES = 2(
∫
dτmq̇2

in/2π)1/2 (D′)−1/2 e−Sin

D′ = det′(δ2S/δφ2|in)/det(δ2S/δφ2|0)

R. Rajaraman, Solitons and Instantons
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Main result

Sc ' (Gc/GQ) max(1, τp∆)

For τw � τp
Sw ' (GQZw)−1 ln(τw/τp)

For τw � τp
Sw ' LC′/GQτp

ES ≈ 2∆

√∑
p
Tp

∏
p

√
1− Tp
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Tunnel limit of the weak link
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St[φ] =
Gc

GQ

∆2

π2

∫
dτdτ ′

×
[

sin2

(
φ(τ )− φ(τ ′)

4

)
K2

1(|τ−τ ′|∆)

+sin2

(
φ(τ ) + φ(τ ′)

4

)
K2

0(|τ−τ ′|∆)

]

τp � 1/∆
St =

∫
dτ EJ(1− cosφ)

St ∼ (Gc/GQ)τp∆� Gc/GQ.

τp � 1/∆
St ∼ (Gc/GQ) ln(1/τp∆)
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Topological parts of the weak link action
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{Ĝ1, Ĝ2} − 2 = −(Ĝ1 − Ĝ2)2

Λ̂ ≡ (Ĝ1 − Ĝ2)/2

{Λ̂, Ĝ1 + Ĝ2} = 0

Sc[φ] = −
1

2

∑
p,n

ln(1− TpΛ2
n).

|Tr(Λ̂)| = |N+ −N−| = b|
∫∞
−∞ φ̇(τ ) dτ |/2πc

Sc1(N) = −
N

2

∑
p

ln(1− Tp)



Phase-slip amplitude of the weak link action

D′EJ =
det′(H1)

det′(H0)

H0(ω) = (2EJ/π)E(iω/2∆)

H1 ≡ H0 + δH

(δH)mm = −(Gc/GQ)(
∑
n Λ2

n)/2τ0

ln(D′EJ) =

ωc/δω∑
m=2

ln(qm)−
(
Gc

GQ

∑
n

Λ2
n

)
1

4π

∫ ∞
ωc

dω

H0(ω)

H0(ω) = EJ |ω|/π∆, τp � 1/∆

⇓
ES diverges!
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Coulomb interaction

dTp

d lnE
= −

Tp(1− Tp)∑
p Tp

ES = a

(
∆

2π

∫
dτ φ̇2

in(τ )

)1/2 (∑
p
Tp

)1/2
e−Sin
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