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The graph-theoretic Ramsey numbers are notoriously difficult to calculate. In fact, for the two-color
Ramsey numbers R(m, n) with m, n = 3, only nine are currently known. We present a quantum algorithm
for the computation of the Ramsey numbers R(m, n). We show how the computation of R(m, n) can be
mapped to a combinatorial optimization problem whose solution can be found using adiabatic quantum
evolution. We numerically simulate this adiabatic quantum algorithm and show that it correctly
determines the Ramsey numbers R(3,3) and R(2,s) for 5 < s = 7. We then discuss the algorithm’s
experimental implementation, and close by showing that Ramsey number computation belongs to the
quantum complexity class quantum Merlin Arthur.
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RAMSEY NUMBERS

Consider a group of N people.

Ramsey’s theorem states that:

There I1s a lower bound R(n,m) such that when N=R(n,m)
all parties of N people will either contain m mutual
acquaintances, or n mutual strangers.

R(n,m) Is a two-color Ramsey number.
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REPRESENTATION

Every person is represented by a vertex on a graph

A red line denotes that two people are strangers

A blue line denotes that two people are acquainted
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For every pair of positive integers (n,m) there exists a
least positive integer R(n,m) such that for any
complete graph on R(n,m) vertices, whose edges are
Sellefeclred or blue, there exists ethela coffEiEis
subgraph on n vertices which is entirely blue, or a
complete subgraph on m vertices which is entirely red.




EXAMPLE:R(3,3) = 6

r - Pick a vertex v,
- Erther =3 edges are red, or =3 blue.
- Assume red, connected to rs,t.

S - Either any off (s (S G HRENEs}
which gives a red triangle
- If they are all blue we have a blue
triangle

One can make a graph with 5 vertices
that has no closed triangles.




PROBLEM

Ramsey number are very hard to calculate.

To check whether N = R(n,m) you need to check all
INO-12 N-vertex graphs.

This grows superexponentially.

Felf &elinplEr
N = 2 gives 2 graphs
N = 5 gives 1024 graphs
N =10 gives 10'3 graphs




MAPPING

The problem is mapped on a string of bits in 2 steps
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WIS ZATION PROESEN

Given a string g(G), how to determine # blue complete
subgraph on m vertices for graph with N vertices?

Choose m vertices: S = v
Calculate the product: Co = Hiiikeb’a Gy v
if Co =1 then Sy is a complete subgraph, otherwise not

Repeat this for all r possible ways of choosing m from N.

@G — Z Co gives the # you are after.
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WIS ZATION PROESEN

Can do the same for red subgraphs

Choose n vertices: g
Calculate the product: I = 77" .

Ay .

LR ihen [, Is a complete subgraph, othermiscines

Repeat this for all s possible ways of choosing n from N.

I(G) = Z Io gives the # you are after.
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WIS ZATION PROESEN

Check all graphs G and find the G™ with the global minimum
@R = (G ) C ()

It the global minimum is O, there is a graph without complete
subgraphs on m and n vertices.

Can determine R(m,n) by
- start from N < R(n,m)
- Increase N by | until you find an N for which h(G") > 0
- This N = R(m,n)




SmE B ATNC QOUANIREN
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GS of H, must solve the problem. Hi is a simple Hamiltonian
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Use the computational basis
O ol o) o
ldentify ¢(G) — |g(G)) and take a Hamiltonian where
Hplg(G)) = h(G)l|9(G))
e mtimcrease N until 7(G) = 0. This givesiRiami




WHAT DOES Hp LOOK LIKE?

Given a set of vertices, So, = {V1, - - . , U } define the ‘edge set’

e — e -k — 1. Gl 2%

, , 1
Define the Hamiltonian (Py = 5 (e —or

ok — i)y I2

C(N,m)
Then the Hamiltonian H™ = )~ H, counts C(G).
eyl

| 1 |
T e > (I¢ + o) one can make H"” which couniSHiEs




WHAT DOES Hp LOOK LIKE?

Since H,|g(G)) = h(G)|g(G)) it follows that
H,=H"+ H™

So In principle the authors have shown a way to calculate
Ramsey numbers using adiabatic quantum computation.
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