


2D topological insulators 

2D topological insulators: 
- Bulk band gap 
- Gapless 1D edge states 
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[2] Qi and Zhang, Rev. Mod. Phys. 83, 1057 (2011) 
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[4] König et al., Science 318, 766 (2007) 
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(from [1]) 

Single edge state of a 2D topological insulator: 
- Energies below the bulk gap: helical 1D liquid 
- Degrees of freedom: 𝜓↑(x), 𝜓↓(x) 

Time-reversal (TR) operator for spin-1/2 particles: 
- Anti-unitary TR operator: Θ2 = −1 
- Action on fermionic fields: 

 Θ𝜓↑,𝑘Θ
−1 = 𝜓↓,−𝑘 

 
 Θ𝜓↓,𝑘Θ

−1 = − 𝜓↑,−𝑘 

Kramers 
doublet 𝐺0 =

𝑒2
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𝑒2
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Graphene with spin-orbit coupling 

Kane-Mele (KM) model: [1] 
- Bad: not experimentally realizable (yet) 
- Good: simple, microscopic paradigm 

Hopping Hamiltonian on honeycomb lattice: 

[1] Kane and Mele, PRL 95, 226801 (2005) 

Intrinsic spin-orbit coupling 

𝐻𝐾𝑀 =  𝑡𝑐𝑖𝛼
† 𝑐𝑗𝛼

𝑖𝑗 𝛼

  

Helical edge states Helical edge states 

+  𝑖𝑡2𝜈𝑖𝑗𝑐𝑖𝛼
† 𝑐𝑗𝛽

𝑖𝑗 𝛼𝛽

 Topological property of 
the band structure! 

Topological property of 
the band structure! 



Silicene 

“Silicene”: 
- Honeycomb lattice with Si instead of C 
- Larger interatomic distance than graphene 
- Less 𝜋 − 𝜋 overlap: buckling 
- Stable configuration: 𝜃 = 101.73° 
- Enhanced spin-orbit coupling 

Spin-orbit gap: Δ ≈ 1.55 meV ≈ 18 K 

[1] Liu et al., PRL 107, 076802 (2011) 



Silicene experiments 

- Si atoms forming honeycomb 
lattice grown on Ag(110) 
 

- STM reveals hexagonal structure: 
𝑎 ≈ 0.22nm 
 

- ARPES reveals Dirac spectrum: 
𝑣𝐹 ≈ 1.3 × 10

6m/s 

[1] Vogt et al., PRL 108, 155501 (2012) 



Type-II semiconductor quantum wells 
InAs/GaSb heterostructure: 
 
- Loss toxic than HgTe! 
- Off-the-shelf materials: 

Easier to manufacture 
- Tunable by application of 

gate voltage 
 
 

II: Topological phase II: Topological phase 

[1] Liu et al., PRL 100, 236601 (2008) 



Type-II semiconductor quantum wells 

[1] Knez et al., PRL 107, 136603 (2011) 

Experimental results: 
- Four-terminal conductance 

𝐺 ≈ 4
𝑒2

ℎ
 

 
- Problem: Large bulk 

conductance 
 

- Latest update: 

I. Knez (unpublished, presented at KITP) 



HgTe/CdTe quantum wells 

[1] König et al., Science 318, 766 (2007) 
[3] Qi and Zhang, Physics Today 63, 33 (2010) 

HgTe/CdTe quantum wells [1,2] 
• Band inversion above critical quantum 

well thickness 𝑑 > 𝑑𝑐 ≈ 6.3nm  
 

Evidence for quantum spin Hall state: 
• Strong increase in conductance for 𝑑 > 𝑑𝑐 
• Conductance 𝐺0 independent of sample size 



HgTe/CdTe quantum wells 

Some more evidence: 
• Magnetic field dependence: breaking of 

TR invariance destroys quantized 
conductance 

• Multi-terminal measurements consistent 
with Landauer-Büttiker prediction 
 

𝐼𝑗 =
𝑒2

ℎ
 (𝑇𝑗𝑖𝑉𝑖 − 𝑇𝑖𝑗𝑉𝑗)

𝑗

 

𝑇𝑖+1,𝑖 = 𝑇𝑖,𝑖+1 = 1 

Some other experiments: 
[1] G.M. Minkov, arXiv:1211.2563 
[2] Gusev et al., PRB 84, 121302 (2011) 



More recent experiments 

K. Nowack et al., arXiv:1212.2203 (2012)  

Yue Ma et al., arXiv:1212.6441 (2012)  



Model 

Setup: 
- 2D topological insulator bar 
- Hole in the middle (“antidot”) 
- (Local) tunneling between edges 

and antidot 

…let’s return to PRB 87, 085425 (2013) 

Hamiltonian: 
 
 
 Edges: Helical Luttinger liquids 𝜓𝐴𝐵,↑↓(𝑥) 
 Antidot: Helical LL 𝜓𝑎𝑑,↑↓(𝑥) 

 Bosonization 𝜓𝑎𝑑 → 𝑑𝑞,𝜈 

 Symmetrically applied voltage 
 Single-electron tunneling 

Energy scales: 
- Charging energy 𝐸𝑛 
- Spin addition energy 𝐸𝑠 ≪ 𝐸𝑛 

Energy scales: 
- Charging energy 𝐸𝑛 
- Spin addition energy 𝐸𝑠 ≪ 𝐸𝑛 



Transport through the antidot 

Transport theory: 
 Antidot Hilbert space:  
 Sequential tunneling: 
 Δ𝑛 =  ±1, Δ𝑠 =  ±1 
 Transition rates: 

 
 
 
 

 Green’s function from LL theory: (thermal average) 
 
 
 

Total current: 
 
 
 
 
 

Total current: 
 
 
 
 
 

Spin-polarized current: 
 
 
 
 
 

Spin-polarized current: 
 
 
 
 
 



Region 1: 
 
 
 
 

Region 2: 
 
 
 
 

Asymmetric junctions 

Asymmetric junctions: Spin-polarized current 𝑰𝒔𝒑: 

(𝜂 = 10, 𝐸𝑛 𝜖0 = 20) 



Results 

Current and dot spin: 
(𝜂 = 10, 𝐸𝑛 𝜖0 = 20) 

Current for  
different asymmetries: 

Analytics for few dot levels: 

…no comparison to numerics…  



Conclusions 

• 2D topological insulator antidot configuration 
with helical states at edges and around the 
antidot 

• Charging energy on the antidot is large 
• Asymmetric coupling the edge states produces 

spin-polarized current 
• Electrically controllable spin-filter 
 

Dolcetto et al.,  
Phys. Rev. B 87, 085425 (2013) 


