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Introduction 

¤  Quantum channel 

¤  Repeat measurement 
¤  Increase precision 

¤  Standard quantum limit / shot noise limit 

¤  Nature provides Heisenberg limit 
 
exploit quantum resources 



Quantum enhancement in the 
measurement precision 

¤  Parallel strategy: 
¤  Division into m sub-ensembles with n probes 
¤    
¤  Exploit entanglement 
¤  Drawback: fragile entangled states 

¤  Sequential strategy: 
¤  Each of m separate probes is passed n times through the same quantum 

channel. 
¤    
¤  Exploit coherent quantum dynamics 
¤  Drawback: longer coherence times required 

→ same enhancement in precision. 



Approach 

¤  Sequential strategy without entanglement 
¤  Reach given precision δ in K steps. 

¤  resembles Kitaev’s phase estimation algorithm 

¤  Less steps due to large ensemble of individual probes in 
the atom cloud 

¤  Relies on collective manipulations and measurements 



Primary measurement 

¤  Unknown unitary rotation 

¤  Ramsey interferometry as primary measurement 

¤  Prepare the polarized state 

¤  Applying the rotation 

¤  Read-out state 



Primary measurement: 
total polarization 

¤     

¤  The probability to observe a particular value is given by 
the Bernoulli distribution 

¤  Variable change & use of Bayes’ theorem 
 
 
 
sharp peak for large  



Primary measurement: 
expansion 

¤  Expansion around the maximum and replacement with 
normal distribution 

¤  With tolerance level 
the precision of the estimate 
is given by 

¤  (3) provides the distribution function for the angle 



Complementary measurement 

¤  Two symmetric intervals 
 

¤  Expanding (5), the distribution of the angle Φ is given by 
the sum of two normal distributions 
 
 
 
describing two equiprobable alternatives for the angle. 



Complementary measurement: 
second test 

¤  Prepare the ensemble 

¤  Repeat Ramsey measurement 
¤  Parameter 

¤  Given the probability 
 
 
 
 
the total polarization is given by 
 
with mean and variance 



Complementary measurement 
classification rule 

¤  Define regions 
 
 

¤  Misclassification error 

¤  Away from the immediate vicinity of 
and a typical number of probes N ~ 103,  
choosing N’ ~ N results in a negligible probability of 
misclassification. 



n-fold rotation 

¤  Sequential application of the rotation  

¤  Ensemble polarization gives estimate for 

¤  Given a measured polarization, the distribution function is 
again given by (5) 
 
 
 
providing two Gaussian peaks 

¤  The complementary measurements again selects one 
alternative. 



n-fold rotation 
a further estimate 

¤  Reading (5) with  
 
 
 
n different values of Φ to the same value of cos(nΦ) 

¤  The distribution function for the angle Φ then has n peaks 
 
 
 
The n-fold measurement redistributes the original uncertainty 

       among n different alternatives. 

¤  The different distribution of the probability allows gain in 
precision when combining the two measurements. 



Beyond the shot noise limit 

¤  Identify correct alternative of the n-fold measurement 
→ combine 1- and n-fold measurements. 

¤  Define interval centered around the result of the first 
measurement 
 

¤  The alternative Ak is compatible with the first 
measurement for 

¤  Satisfy the original confidence in the 2nd measurement 
→ reduced interval 



Beyond the shot noise limit 

 

 

 
 

¤  Optimum: 

¤  Find largest n compatible with  



Beyond the shot noise limit - nopt 

¤  1- and n-fold combined 
 
 
 
with 

¤  The misclassification error is given by 
 
→ solve for nopt 



Estimates & Comparison 

¤  Precision estimates: 
¤  1-fold & noptfold 
¤  K iterations 

¤  Kitaev’s phase estimation algorithm 
¤  # steps:  
¤  Resources:  

¤  Ensemble-based protocol 
¤  # steps: 
¤  Resources:  
¤  Few iterations on an ensemble of N ~ 103 atoms with long 

coherence times. 



Conclusion 

¤  The sequential strategy discussed here is particularly 
useful in scanning probe measurements of a spatially 
varying field. 

¤  The scheme dramatically reduces the overall time to 
record a picture with a given precision. 

¤  The ensemble-based sequential strategy could also be 
combined with a parallel strategy using squeezed BECs. 


