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Hubbard’s original motivation: Ferromagnetism in transition metals

��

Today’s main uses:
 High-�� superconductivity
 Atoms in optical lattices

Theoretical solution:
 Exactly solvable in 1D
 Numerical approximations in 

2D, 3D using DMFT and DMRG



Hamiltonian

The extended (``all you can eat’’) Hubbard model:

onsite interaction

NN interaction

Spin exchange

Pair hopping

3-particle interaction (diagonal)

4-particle interaction

NN hopping Correlated hopping

�(1)
��(2)

Symmetries: 
 Charge �(1)
 Spin ��(2)
 Discrete lattice translation

8 Parameters:
�, ��, �, �, �, �, �, �

3-particle interaction (off-diagonal)



Bosonization

≪ �
Assumptions:
• Weak coupling regime (all constants ≪ �)
• Linearization of the spectrum around ±��(�)
• Continuum limit

Bosonization:

� = �� + ��

Result:
• Spin and charge modes:
• Spin-charge separation � = �� + ��

• Decoupled sine-Gordon Hamiltonians:
Wait a 

second…

6 Parameters:
��, ��,��

depend on all 
couplings and 
filling factor �



Operator product expansion

Operator product expansion (OPE):

���� � Φ• ���� � depends only on scaling dimensions, not on Φ

• Useful for RG in conformal invariant systems

Here, OPEs are used directly on the Hamiltonian (small lattice spacing):

→	

Only derivatives and 
cosine terms remain
→	Sine-Gordon Hamiltonian



Renormalization group

Weak coupling analysis: Perturbative RG equations:

� �

�� > 0 �� < 0	

Charge sector:
 �� and �� are independent
 Charge gap can occur both for 

�� > 0 and �� < 0	
 Only at half filling

��Gap opens if �� flows to strong coupling

� �

�� < 0

Spin sector:
 �� and �� are connected by 

�� 2 symmetry:

 Spin gap only for �� < 0



Long-range order

from: Barbiero et al., PRB 88, 035109 (2013)

Parity and string operators:
(Non-local)

Correlation functions:

Long-range order (LRO):



Possible phases

Luttinger liquid (LL):
• Gapless in charge and spin sector
• Attractive interactions: ��

∗ > 1
• Dominant correlation function:

Luther-Emery liquid (LE):
- Gapless charge sector
- Gapped spin sector
- CDW and SS order:

Charge insulator:
- Mott insulator (MI):

- Haldane insulator (HI):

Local order parameters:
 Charge density wave:

 Spin density wave:

 Singlet superconductivity:

 Triplet superconductivity:

Phases at half filling:

Fully gapped phases:
- CDW and BOW (bond ordered wave) 

phases



Three-particle interaction

� = 3� = �/4

Half filling (� = �)

Three-body terms:
 Off-diagonal: HI phase
 Diagonal: LE phase

� = �/2



Four-particle interaction

� = 2� = �

For general filling:
Transition between LE and LL for � < 0

At half filling (� = �):
 All phases can be realized as function of � and �
 Repulsive � > 0 favors HI, whereas repulsive 

� > 0 favors MI
 No off-diagonal terms necessary for HI

� = �/4



Conclusions

 The phases of the extended Hubbard model can be classified 
with nonlocal spin and charge order parameters.

 Depending on gaps opening in spin and charge sectors, various 
phases may emerge:
 Luther-Emery, 
 Mott insulator, Haldane insulator, 
 Charge density wave, Bond ordered wave

 Three- and four-particle interaction terms may be convenient to 
explore these phases in cold atom systems
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