Braiding statistics of loop excitations in 3D
by Chenjie Wang and Michael Levin (PRL 113, 080403 (2014))

Constantin Schrade

University of Basel

sy



Motivation




Motivation

Braiding statistics in 2D
= Part of 612, Ui» that only depends on the topology of the path

-

277 Tx

\
@ ¢ o "
\ 2 1 Non-Abelian Anyons ¥(1,2)+— U12¥(1,2)

Abelian Anyons ~ ¥(1,2) — €12(1, 2)




Motivation

Braiding statistics in 2D
= Part of 612, Ui» that only depends on the topology of the path

/', 7 \K\ Abelian Anyons  ¥(1,2) — e?120(1,2)

1

@ ¢ - "

\ 2 1 Non-Abelian Anyons ¥(1,2)+— U12¥(1,2)
N L

Braiding statistics in 3D
Point-like particles have trivial braiding statistics in 3D!
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Braiding statistics in 3D
3D systems can have loop excitations with non-trivial braiding!
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Characterization of 2D SPT phases
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Characterization of 3D SPT phases

Gauge Jmerg raiding

3D SPT Phase g hmel&,e'nt' bldlfhllj:
with svmmetry G _— statistics of

Y Y the symmetry G particles and loops

Different 3D SPT phases with the same symmetry G correspond to different
emergent three-loop braiding statistics.
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Gauging the Z, Symmetry

3. Define the new (gauge-invariant) Hamiltonian

Ho == 2 _opMlo= D Hpaltarity
p

(par)
Hi == Bollo— D Wiqhigriisy
P (par)

Replace Operators O(ogo7,) — 6(ag,uf7q/af,/)

My =3 [Tipgr (1 + 15q1g117,) projects on states vyith ”.zero flux”
through the adjoining triangles.

Ensure that "zero flux" states have the lowest energy.



Emergent braiding statistics

Hy = — Z UZHP - “;qugr”ip Hi =~ Z BylIl, — M;q'ugrp’ip
P ) p (pqr)

(pgr

"m-flux” excitation
=Triangle with pp pe.pr, = —1

They are created at the end of strings V,

String operator algebra: VEVO = VOV (for Hp)
VIVI= —VIVD  (for H})



Emergent braiding statistics

The string algebra fixes the braiding statistics of w-flux excitations!
Y B g v

p B
Bl KX

For Hy: 6 =0,7 — m-fluxes are bosons or fermions

For H/ : 0 =+Z — 7m-fluxes are "semions”
1 2

H'(s) M. Hy
H) o’ X @

This result provides a physical

distinction between the two paramagnets! ’
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Extending the results to 3D

1. Write down a 3D spin-model with symmetry group (Zy)X.
2. Gauge the symmetry.

3. The excitations are
Charges Vortex Loops

¢
9@ (1< }V

Gauge charge Gauge flux

2
q=(q1,.qx) ¢ €{0,...,N -1} b= (G100 bK) i € ﬁﬂg
Gauge charge
q=(q1,-qx) ¢ €10,...,N—1}

4. Study the braiding statistics of the excitations.
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Naive braiding statistics in 3D

Charge-Charge braiding:

______
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Charge-Loop braiding;:

-

Loop-Loop braiding:
9a5:Qa'¢)ﬂ+QB'¢a
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Pi amm=-~ =< i-th entry
b, ) 5 |
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P — | ¢ = 5(0,.,0,1,0,....0)
- N\
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Three loop braiding statistics in 3D

Pi amm==~ ~< i-th entry
< ) }
~ i ™
o — | h; = N(O,...,O,l,O,...,O)
- ~a
| T P

Simplifications:
1. Consider only unit flux loops.

More generic loops are obtained by "fusing” unit flux loops.

2. Consider renormalized Berry phase ©;; , = N0
©jj k is independent of the charged attached to the loop!
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Properties of renormalized Berry phase:
1. ©jjk = Oji k (Symmetry)
2. ©jk = %7k with k € Z (Quantization)
3. O©jjk + Ojk,i + Okij = 0 (Jacobi identity)

Gi  p=""77=~, 1. Total phase = N, ;x

U
< 2. Total phase = q- ¢; = 2W’Tk: with k € Z
o — | Since N¢p; = 2l = 0 with £ € Z
- A Y
> Pi bt 2
=i —> @ij,k = j/{ with k£ € Z
N unit fluxes N
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Example

3D Spin system with a gauged Zy X Z, symmetry:

07T (7770)
S Te TR clo

(m,0) (7,0 (0,7) (0,m)

The remaining ©j; «'s are fixed by symmetry and the Jacobi identity.
This results distinguishes 4 different Z, x Z» 3D SPT phases.

More general result:

Different SPT states with the same (Zy)X can be distinguished by
three-loop braiding processes.
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